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Abstract
Let X be a continuum. The n-fold hyperspace Cn(X), n < ∞, is the space of all nonempty compact subsets of X with the
Hausdorff metric. Four types of local connectivity at points of Cn(X) are investigated: connected im kleinen, locally connected,
arcwise connected im kleinen and locally arcwise connected. Characterizations, as well as necessary or sufficient conditions, are
obtained for Cn(X) to have one or another of the local connectivity properties at a given point. Several results involve the property
of Kelley or C∗-smoothness. Some new results are obtained for C(X), the space of subcontinua of X. A class of continua X is
given for which Cn(X) is connected im kleinen only at subcontinua of X and for which any two such subcontinua must intersect.
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1. Introduction
The term hyperspace refers to several kinds of spaces of compact sets with the Hausdorff metric as discussed in
[11,19] (terminology and notation we use in this introduction is defined precisely in Section 2).
Local properties of hyperspaces are intrinsically interesting and are useful in developing models for hyperspaces.
We are concerned with four types of local connectivity properties. The properties are equivalent to one another when
they hold at every point; the situation when one of the hyperspaces 2X and Cn(X) has the local connectivity properties
at every point was completely determined in the classical paper of Wojdysławski [22]. In addition, a number of papers
have been written about when a point of the hyperspaces C(X) and 2X have one or another of the local connectivity
properties (e.g., see Goodykoontz [3–5]; Makuchowski [15,16]; and Moon et al. [18]).
We investigate when one or another of the four types of local connectedness holds at a point in an n-fold hyperspace
Cn(X). The focus of hyperspace theory on n-fold hyperspaces is rather recent. In fact, this is the first systematic study
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Macías [14]).
Our results include two characterization theorems for points to have various local connectivity properties in Cn(X);
one characterization is general (Theorem 3.1), while the other assumes the property of Kelley (Theorem 4.2), which
we show is necessary. In addition, we obtain a number of results which give either necessary or sufficient conditions
for points to have various local connectivity properties in Cn(X).
We also characterize indecomposability in two ways: in terms of Cn(X) (any given n) having local connectivity
properties only at X assuming the property of Kelley (Theorem 5.4), and in terms of C(X) having local connectivity
properties only at X assuming X is C∗-smooth at X (Theorem 6.3). Note the difference between the two results—the
first one is for Cn(X) for any given n, whereas the second one is only for C(X) = C1(X). In fact, we have an example
to show that the second result does not extend to Cn(X) for any n > 1 (Example 6.5). We found the contrast between
the two results to be rather surprising.
In the final section, we give a class of continua X for which Cn(X) is connected im kleinen only at subcontinua
of X any two of which must intersect (the class of continua is the strictly nonmutually aposyndetic continua that have
a weak form of the property of Kelley). We illustrate the theorems with a continuum X that is decomposable and
homogeneous and for which Cn(X) is connected im kleinen at many continua but only at continua whose diameters
are uniformly large (Example 7.6).
2. Terminology, notation and two preliminary lemmas
A continuum is a nonempty compact connected metric space (a nondegenerate continuum is a continuum contain-
ing more than one point). We assume the reader is familiar with continuum theory, but we reference results as we use
them; our reference for basic results about continua is [20].
A neighborhood of a subset A of a space X is a subset of X that contains A in its interior (thus, neighborhoods
need not be open sets).
Let X be a continuum, and let p ∈ X. Then
• X is connected im kleinen at p provided that p has arbitrarily small connected neighborhoods;
• X is locally connected at p provided that p has arbitrarily small connected open neighborhoods;
• X is arcwise connected im kleinen at p provided that p has arbitrarily small arcwise connected neighborhoods;
• X is locally arcwise connected at p provided that p has arbitrarily small arcwise connected open neighborhoods.
Let X be a continuum. Then 2X denotes the hyperspace of all nonempty compact subsets of X with the Hausdorff
metric Hd (see [11] or [19]). For each n = 1,2, . . . , Cn(X) denotes subspace of 2X each of whose members has
at most n components; Cn(X) is called the n-fold hyperspace of X (thus, C1(X) is the classical hyperspace of all
subcontinua of X and, as is customary, is denoted by C(X) instead of C1(X)).
We use BHd and Bd in denoting open balls in Cn(X) and in X, respectively.
For a given positive integer n and finitely many open subsets U1,U2, . . . ,Uk of X, let
〈U1,U2, . . . ,Uk〉n =
{
A ∈ Cn(X): A ⊂
k⋃
i=1
Ui and A∩Ui 	= ∅ for each i
}
.
The sets 〈U1,U2, . . . ,Uk〉n are called Vietoris open sets and form a base for the topology on Cn(X) [11, 3.1]. When
n = 1, we write 〈U1,U2, . . . ,Uk〉 instead of 〈U1,U2, . . . ,Uk〉1.
We now define the three notions from the theory of hyperspaces—the property of Kelley, the property of Kelley
weakly and C∗-smoothness. These notions play a central role in the paper.
A continuum X has the property of Kelley at a point p ∈ X provided that for each ε > 0, there is a δ > 0 such
that if A is a subcontinuum of X and p ∈ A, then for each x ∈ X such that d(x,p) < δ, there is a subcontinuum Bx
of X such that x ∈ Bx and Hd(A,Bx) < ε [19, p. 551]. The number δ in the definition is called a Kelley number for
(X, ε,p). A continuum X has the property of Kelley provided that X has the property of Kelley at each point; in this
case, for each ε > 0, it follows from compactness (using the Lebesgue number of a cover [13, p. 24]) that there is a
δ > 0 that is a Kelley number for (X, ε,p) for all p ∈ X, which we call a Kelley number for (X, ε).
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the property of Kelley at some point of each A ∈A. This idea is new; its importance is expressed in Lemma 4.1. We
note the following example:
Example 2.1. The harmonic fan with a free arc attached at the end point of the limit arc that is not the top of the fan
has the property of Kelley weakly but does not have the property of Kelley. The quotient space obtained by identifying
the two end points of the limit arc of the sin( 1
x
)-continuum does not have the property of Kelley weakly.
A continuum X is C∗-smooth at A ∈ C(X) provided that whenever {An}∞n=1 is a sequence in C(X) converging to
A, then {C(An)}∞n=1 converges to C(A) [19, p. 517]. A continuum X is C∗-smooth provided that X is C∗-smooth at
each A ∈ C(X). A continuum X is absolutely C∗-smooth provided that whenever X is embedded in a continuum Y ,
then Y is C∗-smooth at the embedded copy of X [6].
We use A to denote the closure of a set A in X, and we use intX(A) to denote the interior of A in X.
We use X × Y to denote the Cartesian product of X and Y .
The following (nonstandard) notation will facilitate concise statements and proofs of some results: If A ⊂ B are
subsets of a space X, then
cA(B) =
⋃
{K: K is a component of B and K ∩A 	= ∅}.
We note two lemmas that we refer to frequently.
The first lemma is Lemma 3.1 of Hosokawa [8] together with the much older result that the union of a subcontinuum
of 2X is compact (in fact, the union of a compact subset of 2X is compact [19, 1.48]).
Lemma 2.2. If A is a subcontinuum of 2X and A ∈A, then ⋃A is compact and every component of ⋃A intersects
A; that is (in the notation just introduced),⋃
A= cA
(⋃
A
)
.
Hence, if A ∈ Cn(X), then ⋃A ∈ Cn(X).
The second lemma is a formulation for Cn(X) of 15.5 of [11].
Lemma 2.3. For any continuum X and any n 1, Cn(X) is locally arcwise connected at X.
Proof. Fix n. Let A ∈ Cn(X). Then, by [11, 15.3], there is an order arc α in 2X from A to X; furthermore, by
[11, 15.11], α ⊂ Cn(X). It is easy to verify that for each B ∈ α, Hd(X,B)  Hd(X,A). Hence, it follows that any
open ball in Cn(X) with center at X is arcwise connected. 
Regarding Lemma 2.3, we note that C(X) need not be locally contractible at X [9].
3. General results
In the following theorem, the equivalence of (1) and (2) generalizes Theorem 10 of Makuchowski [15] from C(X)
to Cn(X) (the terminology in [15] is different than ours); the equivalence of (1) and (3) generalizes Theorem 2 of [4]
from C(X) to Cn(X).
Theorem 3.1. Let X be a continuum, let n 1, and let A ∈ Cn(X). Then the following three statements are equivalent:
(1) Cn(X) is connected im kleinen at A;
(2) Cn(X) is arcwise connected im kleinen at A;
(3) for each open neighborhood U of A in X and each sequence {Bi}∞i=1 in Cn(X) converging to A, Bi ⊂ cA(U) for
all but finitely many i.
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[15] to Cn(X) (referring to the proof in [15], since A,B ∈K in [15] and K =⋃K, every component of K intersects
both A and B by Lemma 2.2; thus, the order arcs A1 and A2 in [15] exist by [11, 15.3] and are contained in Cn(X)
by [11, 15.11]; we leave the remaining details to the reader).
We prove that (1) and (3) are equivalent.
Assume (1). Let U and {Bi}∞i=1 be as in the assumption in (3). Let V be an open neighborhood of A in X such that
V ⊂ U .
Note that A ∈ 〈V 〉n, and let D be the component of 〈V 〉n such that A ∈ D. Then, by (1), there is a Vietoris open
neighborhood 〈W1,W2, . . . ,Wr 〉n of A such that 〈W1,W2, . . . ,Wr 〉n ⊂D. Thus, since {Bi}∞i=1 converges to A, there
exists N such that Bi ∈ 〈W1,W2, . . . ,Wr〉n for all i N . Hence, Bi ∈D for all i N . Therefore,
(a) ⋃∞i=N Bi ⊂⋃D ⊂⋃D ⊂ V ⊂ U .
By Lemma 2.2,
⋃D = cA(⋃D). Hence, by (a),⋃∞i=N Bi ⊂ cA(U). Therefore, we have proved that (1) implies (3).
Conversely, assume (3). Suppose by way of contradiction that (1) does not hold. Then, by 12.1 of [21, p. 18], there
is an open neighborhood W of A in Cn(X) such that for the component K of W such that A ∈K, there is a sequence
{Ki}∞i=1 of components of W converging to a subcontinuum K0 of K such that A ∈K0 and Ki ∩K0 = ∅. Hence, for
each i = 1,2, . . . , there exists Bi ∈Ki such that the sequence {Bi}∞i=1 converges to A.
Let 〈U1,U2, . . . ,Ur 〉n and 〈V1,V2, . . . , Vs〉n be Vietoris open neighborhoods of A in Cn(X) with the following
two properties:
(b) ⋃si=1 Vi ⊂⋃ri=1 Ui ;
(c) 〈V1,V2, . . . , Vs〉n ⊂ 〈U1,U2, . . . ,Ur 〉n ⊂W .
Since A ∈ 〈V1,V2, . . . , Vs〉n and limi→∞ Bi = A, there exists N1 such that
(d) Bi ∈ 〈V1,V2, . . . , Vs〉n for all i N1.
Let V =⋃si=1 Vi . Note that V is an open neighborhood of A in X; hence, by (3), there exists N2 such that
(e) Bi ⊂ cA(V ) for all i N2.
Let Q = cA(V ). Note that cA(V ) has at most n components and that, since n < ∞, each component of Q is
a union of the closures of some components of cA(V ); hence, Q ∈ Cn(X). Clearly, A ⊂ Q and each component
of Q intersects A; hence, by [11, 15.3 and 15.11], there is an order arc α in Cn(X) from A to Q. We show that
α ⊂ 〈U1,U2, . . . ,Ur 〉n as follows: Since Q ⊂ V , Q ⊂⋃ri=1 Ui by (b) and, since A ∈ 〈U1,U2, . . . ,Ur 〉n, Q ∩ Ui 	= ∅
for each i; thus, Q ∈ 〈U1,U2, . . . ,Ur 〉n; since an order arc is a chain with respect to containment, it now follows that
(f) α ⊂ 〈U1,U2, . . . ,Ur 〉n.
Next, we show that for some k, there is an order arc in 〈U1,U2, . . . ,Ur 〉n from Bk to Q. Let Q1,Q2, . . . ,Qt denote
the components of Q. Since Q ∈ Cn(X), t  n and, thus, t < ∞. Hence, there exists ε > 0 such that
(g) Bd(Qj , ε)∩Bd(Q, ε) = ∅ for all j 	= .
Since limi→∞ Bi = A ⊂ Q and since Qj ∩A 	= ∅ for each j  t , we see from (g) that there exists N3 such that
(h) for all i N3, Bi ∩Bd(Qj , ε) 	= ∅ for each j  t .
Now, let k = max {N1,N2,N3}. By (e), Bk ⊂ Q. Hence, for any given j  t , we see from (g) and (h) that
Bk ∩Qj 	= ∅. Thus, by [11, 15.3 and 15.11], there is an order arc β in Cn(X) from Bk to Q. Since Bk ∈
〈V1,V2, . . . , Vs〉n by (d), Bk ∈ 〈U1,U2, . . . ,Ur 〉n by (c). Therefore, arguing as we did for α, we have that
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By (f) and (i), α ∪ β is a connected subset of 〈U1,U2, . . . ,Ur 〉n such that A,Bk ∈ α ∪ β . However, recall that
Bk ∈Kk , A ∈K0, and 〈U1,U2, . . . ,Ur 〉n ⊂W by (c). Hence, we have a contradiction to the fact that the component
Kk of W is disjoint from K0. Therefore, (1) holds. 
Corollary 3.2. Let X be a continuum. If Cn(X) is connected im kleinen at A and A ∈ Cm(X) for some m < n, then
Cm(X) is connected im kleinen at A.
Proof. Part (3) of Theorem 3.1 is satisfied by sequences in Cn(X), hence by sequences in Cm(X). 
In Theorem 1 of [3], Goodykoontz shows that a necessary and sufficient condition for 2X to be connected im
kleinen at an A ∈ C(X) is that for each open neighborhood U of A in X and the component K of U containing A,
A ⊂ intX(K). Our next theorem gives a natural analogue of this condition for Cn(X) and shows that the condition
implies that Cn(X) is connected im kleinen at A. However, in contrast to Goodykoontz’s theorem, the converse is
false, as we will see in Example 3.4.
Theorem 3.3. Let X be a continuum, let n 1, and let A ∈ Cn(X). Assume that for each open neighborhood U of A
in X, A ⊂ intX[cA(U)]. Then Cn(X) is arcwise connected im kleinen at A.
Proof. Let A1,A2, . . . ,A be the components of A. Let ε > 0 such that
(1) Bd(Ai, ε)∩Bd(Aj , ε) = ∅ for all i 	= j .
For each i  , let Ki denote the component of Bd(Ai, ε) containing Ai . LetW be the open subset of Cn(X) given
by
W = 〈intX(K1), intX(K2), . . . , intX(K)〉n ∩BHd (A, ε).
We see that A ∈W as follows: Let U =⋃i=1 Bd(Ai, ε). By assumption in our theorem,
A ⊂ intX
[
cA(U)
];
furthermore, by (1),
cA(U) =
⋃
i=1
Ki
and
intX
(
⋃
i=1
Ki
)
=
⋃
i=1
intX(Ki).
Hence, A ⊂⋃i=1 intX(Ki). Thus, by (1), Ai ⊂ intX(Ki) for each i. Therefore, A ∈W .
Let E ∈W . By [11, 15.3 and 15.11], there is an order arc α in Cn(X) from A to ⋃i=1 Ki , and there is an order arc
βE in Cn(X) from E to
⋃
i=1 Ki . Note the following (the second inequality uses the first inequality and the triangle
inequality):
Hd
(
⋃
i=1
Ki,A
)
 ε and Hd
(
⋃
i=1
Ki,E
)
< 2ε;
thus, since A ⊂ M ⊂⋃i=1 Ki for any M ∈ α, and since E ⊂ M ⊂⋃i=1 Ki for any M ∈ βE , we have that
diameter(α) ε and diameter(βE) < 2ε.
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N =
⋃
{γE : E ∈W and γE is as just constructed},
we see that N is an arcwise connected neighborhood of A in Cn(X) such that diameter(N ) < 4ε. This proves that
Cn(X) is arcwise connected im kleinen at A. 
We give an example to show that the converse of Theorem 3.3 is false even when Cn(X) is locally arcwise con-
nected at A. In the next section we prove that the converse of Theorem 3.3 is true when X has the property of Kelley.
Example 3.4. Let
X =
{(
x, sin
(
1
x
))
∈R2: 0 < x  1
}
∪ {(0, y) ∈R2: −2 y  2},
and let A = {(0, y) ∈ X: |y| 12 }. It is easy to see that A has arbitrarily small open neighborhoods in C2(X) that are
4-cells; hence, C2(X) is locally arcwise connected at A. However, the assumption in Theorem 3.3 obviously does not
hold.
We note the following corollary. We will use the corollary in Example 7.6.
Corollary 3.5. Let X be the Cartesian product of two nondegenerate continua X1 and X2, and let n 1. Then Cn(X)
is arcwise connected im kleinen at many subcontinua of X—in particular, at all continua of the form (A1 × X2) ∪
(X1 ×A2), where Ai is a subcontinuum of Xi
Proof. Let X = X1 ×X2, where X1 and X2 are nondegenerate continua. Let Ai be a subcontinuum of Xi for each i,
and let A be the subcontinuum of X given by
A = (A1 ×X2)∪ (X1 ×A2).
Let U be any given open neighborhood of A in X. Then U contains an open neighborhood V of A of the form
V = (V1 × X2) ∪ (X1 × V2), where Vi is open in Xi for each i. Furthermore, it is easy to see that V is connected.
Hence, letting K be the component of U containing A, we see that V ⊂ intX(K) and, thus, A ⊂ intX(K). Therefore,
by Theorem 3.3, Cn(X) is arcwise connected im kleinen at A. 
Goodykoontz has shown (Theorem 4 of [3, p. 393]) that 2X is connected im kleinen at A ∈ 2X if and only if 2X
is connected im kleinen at each component of A. Half of this equivalence is false for Cn(X): In Example 3.4 above,
C2(X) is connected im kleinen at A but C2(X) is not connected im kleinen at either of the two components of A. The
other half of the equivalence in Theorem 4 of [3] is true for Cn(X), as we now prove:
Theorem 3.6. Let X be a continuum, let n 1, and let A ∈ Cn(X). If Cn(X) is connected im kleinen at each compo-
nent of A, then Cn(X) is arcwise connected im kleinen at A.
Proof. By Theorem 3.1, we only need to prove that Cn(X) is connected im kleinen at A. We prove this by using
part (3) of Theorem 3.1.
Let A1,A2, . . . ,A be the components of A.
To see that part (3) of Theorem 3.1 is satisfied, let U and {Bi}∞i=1 be as in the assumption of part (3). For each
j = 1,2, . . . , , let Vj be an open neighborhood of Aj in U such that Vk ∩Vm = ∅ for all k 	= m. Since limi→∞ Bi = A
and A ∈ 〈V1,V2, . . . , V〉n, there exists N1 such that
Bi ∈ 〈V1,V2, . . . , V〉n for all i N1.
For each i N1 and each j  , let Ci,j denote the union of the components of Bi that are contained in Vj . Since the
open sets V1,V2, . . . , V are mutually disjoint and cover Bi for each i N1, we see that
(1) Bi =⋃ Ci,j for all i N1.j=1
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connected im kleinen at Aj for each j , we have by Theorem 3.1 that there exists N2 such that
(2) Ci,j ⊂ cAj (Vj ) for all i N2 and for each j .
Let N = max{N1,N2}. Then, by (1) and (2),
Bi ⊂
⋃
j=1
cAj (Vj ) for all i N;
also, since V1,V2, . . . , V are mutually disjoint open sets covering A,
⋃
j=1
cAj (Vj ) = cA
(
⋃
j=1
Vj
)
.
Hence, Bi ⊂ cA(⋃j=1 Vj ) for all i N . Thus, since ⋃j=1 Vj ⊂ U ,
Bi ⊂ cA(U) for all i N.
This proves that part (3) of Theorem 3.1 is satisfied. Therefore, by Theorem 3.1, Cn(X) is arcwise connected im
kleinen at A. 
4. A characterization assuming the property of Kelley
We show that if X has the property of Kelley, the condition in Theorem 3.3 is a characterization for Cn(X) to be
arcwise connected im kleinen at A.
We first note a lemma of general interest that relates the property of Kelley to unions. The second part of the lemma
was proved for the case of C(X) in Theorem 11 of [15].
Lemma 4.1. Let X be a continuum, let n 1 and let U be a nonempty open subset of Cn(X).
(1) If X has the property of Kelley weakly, then intX(
⋃U) 	= ∅.
(2) If X has the property of Kelley, then ⋃U is open in X.
Proof. We first prove the following:
(∗) There exists A ∈ U such that X has the property of Kelley at some point b ∈ A.
Proof of (∗). Let V1,V2, . . . , Vk be nonempty open subsets of X such that K ∈ V = 〈V1,V2, . . . , Vk〉n ⊂ U , and let L
be a component of K . Let Vi1,Vi2, . . . , Vi denote all the sets Vi that L intersects; then L ∈ 〈Vi1 ,Vi2, . . . , Vi〉. Since
X has the property of Kelley weakly, there exists M ∈ C(X) such that M ∈ 〈Vi1,Vi2 , . . . , Vi〉 and M has the property
of Kelley at some point b ∈ M . We replace L with M to obtain A by letting A = (K −L)∪M . Since M intersects all
the sets Vi that L intersects, it follows easily that A ∈ V and, therefore, A ∈ U . This proves (∗). 
Now, we prove part (1) of our lemma. Let A be as in (∗), and let ε > 0 such that BHd (A, ε) ⊂ U . By (∗), we can
let δ be a Kelley number for (X, ε, b). We prove that Bd(b, δ) ⊂⋃U , which will prove part (1).
Let z ∈ Bd(b, δ). Let B denote the component of A that contains b. Then, by our choice of δ, there is a subcontin-
uum D of X such that z ∈ D and Hd(B,D) < ε. Let
Q = (A−B)∪D.
Clearly, Q ∈ Cn(X) and Hd(A,Q) < ε; thus, by our choice of ε, Q ∈ U . Hence, Q ⊂⋃U . Thus, since z ∈ D, we
have that z ∈⋃U . Therefore, we have proved that Bd(b, δ) ⊂⋃U . This proves part (1) of the lemma.
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Kelley number for (X, ε). Let C1,C2, . . . ,C denote the components of C, and let
W = Bd(C, δ) =
⋃
i=1
Bd(Ci, δ).
We prove that W ⊂⋃U , which will prove part (2) since y ∈ W .
Let z ∈ W . Then z ∈ Bd(Cj , δ) for some j . Then, by our choice of δ, there is a subcontinuum Mj of X such that
z ∈ Mj and Hd(Cj ,Mj ) < ε. Let
P = (C −Cj)∪Mj.
It follows as in the proof of part (1) (with P replacing Q and C replacing A) that z ∈⋃U . Therefore, W ⊂⋃U . 
Theorem 4.2. Let X be a continuum with the property of Kelley, let n  1, and let A ∈ Cn(X). Then the following
three statements are equivalent:
(1) Cn(X) is connected im kleinen at A;
(2) Cn(X) is arcwise connected im kleinen at A;
(3) for each open neighborhood U of A in X, A ⊂ intX[cA(U)].
Proof. By Theorem 3.3, (3) implies (2). It is obvious that (2) implies (1). Hence, we have left to prove that (1)
implies (3).
Assume that (1) holds. Let U be as assumed in (3). Since A ∈ 〈U 〉n, (1) gives us a connected neighborhood V of A
in Cn(X) such that V ⊂ 〈U 〉n.
By Lemma 2.2,
⋃V = cA(⋃V). Thus, since ⋃V ⊂ U ,⋃
V ⊂ cA(U).
Hence, since A ∈ intCn(X)(V),
A ⊂
⋃
intCn(X)(V) ⊂ cA(U);
furthermore,
⋃
intCn(X)(V) is open in X by part (2) of Lemma 4.1. Therefore, A ⊂ intX[cA(U)]. 
We used the property of Kelley in proving that (1) implies (3) in Theorem 4.2 (recall from Theorem 3.1 that (1)
and (2) are always equivalent to one another). The following example shows the necessity of assuming the property
of Kelley even for the case of C(X) when C(X) is locally arcwise connected at A.
Example 4.3. Let X be as in Example 3.4 (the points (0, y), y > 1, are not necessary here), and let
A = {(0, y): −2 y  0}.
Then A has arbitrarily small open neighborhoods in C(X) that are 2-cells; hence, C(X) is locally arcwise connected
at A. However, part (3) of Theorem 4.2 does not hold.
When A ∈ Cn(X) and A has exactly n components, n 2, then we can add local connectedness and local arcwise
connectedness at A to the equivalences in Theorem 4.2. We state the result without proof:
Theorem 4.4. Let X be a continuum with the property of Kelley, let n 2, and let A ∈ Cn(X) such that A has exactly
n components. Then Cn(X) is connected im kleinen at A if and only if Cn(X) is locally arcwise connected at A.
Hence, each of (1), (2), and (3) in Theorem 4.2 is equivalent to Cn(X) being locally connected at A and to Cn(X)
being locally arcwise connected at A.
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If X is an indecomposable continuum, then 2X is connected im kleinen only at X [4, Theorem 3]. We show that
when X has the property of Kelley, X is indecomposable if and only if Cn(X) is connected im kleinen only at X
(equivalently, arcwise connected im kleinen only at X).
There are indecomposable continua X such that C(X) is locally arcwise connected at a proper subcontinuum of X
[4, Example 2]. However, the situation is quite different when X has the property of Kelley weakly:
Theorem 5.1. Let X be a continuum that has the property of Kelley weakly, and let n  1. If X is indecomposable,
then Cn(X) is connected im kleinen only at X.
Proof. By Lemma 2.3, Cn(X) is connected im kleinen at X. Assume that Cn(X) is connected im kleinen at A 	=
X. Then there is a continuum neighborhood K of A in Cn(X) such that
⋃K 	= X. By part (1) of Lemma 4.1,
intX(
⋃K) 	= ∅; also, by Lemma 2.2, ⋃K is compact and has at most n components. Hence, by the Baire Theorem
[12, p. 414], some component C of ⋃K has nonempty interior in X. Therefore, since C 	= X, X is decomposable by
[20, 6.19]. 
Lemma 5.2. Let X be a continuum with the property of Kelley, and let A be a subcontinuum of X such that
intX(A) 	= ∅. Let U be an open neighborhood of A in X, and let K denote the component of U containing A.
Then A ⊂ intX(K).
Proof. Suppose by way of contradiction that A 	⊂ intX(K). Then there is a point p ∈ A and a sequence {xi}∞i=1 of
points of X − K such that limi→∞ xi = p. Thus, since X has the property of Kelley and p ∈ A, there is a sequence
{Ki}∞i=1 of subcontinua of X such that xi ∈ Ki for each i and limi→∞ Ki = A. Since intX(A) 	= ∅, there is a positive
integer j such that Kj ∩ A 	= ∅; furthermore, since A ⊂ U , we can assume that j is large enough so that Kj ⊂ U .
Then we have that Kj ⊂ K . Hence, xj ∈ K , which is a contradiction. 
Theorem 5.3. Let X be a continuum with the property of Kelley, and let A be a subcontinuum of X such that
intX(A) 	= ∅. Then, for each n 1, Cn(X) is arcwise connected im kleinen at A
Proof. For any open neighborhood U of A in X, K in Lemma 5.2 is cA(U) in Theorem 3.3. Therefore, our theorem
follows using Lemma 5.2 to apply Theorem 3.3. 
Theorem 5.4. Let X be a continuum with the property of Kelley. Then, for each n 1, the following are equivalent:
(1) Cn(X) is connected im kleinen only at X;
(2) Cn(X) is arcwise connected im kleinen only at X;
(3) X is indecomposable.
Proof. By Lemma 2.3, Cn(X) has each of the connectedness properties at X in (1) and (2); hence, it follows from
Theorem 3.1 that (1) and (2) are equivalent.
By Theorem 5.3, (1) implies that every proper subcontinuum of X has empty interior, which obviously implies (3).
By Theorem 5.1, (3) implies (1). 
We had hoped to add the following two statements to the equivalences in Theorem 5.4: Cn(X) is locally connected
only at X; Cn(X) is locally arcwise connected only at X. We leave the missing link as an open question:
Question 5.5. Let X be a continuum with the property of Kelley, and let n 1. If Cn(X) is locally arcwise connected
only at X, then is X indecomposable?
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The following two results are due to Goodykoontz [4, Theorems 4 and 5]: Let X be a continuum; if X is in-
decomposable, then the only point at which 2X is connected im kleinen is X, and if X is the only point at which
C(X) is connected im kleinen, then X is indecomposable. The converses of these results are false. Example 1 in [4,
pp. 359–360] was intended to show that the converse of the first result is false, but it fails to show this since 2X is
connected im kleinen at each maximal Cantor fan in the example; we give a correct example (see the remark following
Example 6.5). Example 2 in [4] shows that the converse of the second result is false.
We prove that if a continuum X is C∗-smooth at X, then X is the only point of C(X) at which C(X) has any of the
local connectivity properties defined in Section 2 if and only if X is indecomposable. Thus, for example, our theorem
shows that the converse of Theorem 5 of [4] is true when X is C∗-smooth at X. We give an example to show that our
theorem does not extend to Cn(X).
We prove two lemmas from which our theorem follows easily.
Lemma 6.1. Let X be a continuum. If C(X) is locally arcwise connected only at X, then X is indecomposable.
Proof. If X is decomposable, say X = A ∪ B where A and B are proper subcontinua of X, then C(X) is locally
arcwise connected at A by Theorem 3 of [4]. 
We will see in Example 6.5 that Lemma 6.1 is false for C2(X).
Lemma 6.2. Let X be a continuum that is C∗-smooth at X. If X is indecomposable, then C(X) is connected im
kleinen only at X.
Proof. By Lemma 2.3, C(X) is connected im kleinen at X. Let A be a proper subcontinuum of X. We prove that
C(X) is not connected im kleinen at A.
Since X is indecomposable, X has uncountably many composants and the composants are mutually disjoint [20,
11.15 and 11.17]. Hence, there is a composant κ of X such that A ∩ κ = ∅. There is a sequence {Kn}∞n=1 of subcontinua
of κ such that limn→∞ Kn = X [20, 5.20(a) and 11.14]. Thus, since X is C∗-smooth at X,
lim
n→∞C(Kn) = C(X).
Hence, there is a sequence {An}∞n=1 such that An ∈ C(Kn) for each n and limn→∞ An = A. For each n, let An be
a subcontinuum of C(X) such that An,A ∈An. Then, by Lemma 2.2,⋃
An is a subcontinuum of X for each n.
Thus, since An and A are in disjoint composants of X for each n, ⋃An = X for each n. It now follows that C(X) is
not connected im kleinen at A. 
Theorem 6.3. Let X be a continuum that is C∗-smooth at X. Then the following are equivalent:
(1) C(X) is connected im kleinen only at X;
(2) C(X) is locally connected only at X;
(3) C(X) is arcwise connected im kleinen only at X;
(4) C(X) is locally arcwise connected only at X;
(5) X is indecomposable.
Proof. By Lemma 2.3 (with n = 1), C(X) has each of the connectedness properties at X in (1), (2), (3) and (4). Thus,
it is clear that (1) implies (2) and (3) and that (2) implies (4). By Lemma 6.1, (4) implies (5) and, by Lemma 6.2,
(5) implies (1).
Finally, we prove that (3) implies (4). Assume that (4) is false. Then, since C(X) is locally arcwise connected at X
(by Lemma 2.3), C(X) is also locally arcwise connected at some A 	= X. Clearly, then, C(X) is arcwise connected
im kleinen at A and, therefore, (3) is false. 
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and absolutely C∗-smooth are equivalent was proved in [6] (a proof is also in [11, pp. 320–323]).
Corollary 6.4. If X is in Class(W) (equivalently, X is absolutely C∗-smooth or has the covering property), then
(1)–(5) of Theorem 6.3 are equivalent to one another.
Proof. The corollary follows from Theorem 6.3 since if X is absolutely C∗-smooth, then X is C∗-smooth at X (since
X is embeddable in X). 
We give an example to show that Theorem 6.3 does not extend to Cn(X) for any n > 1; in addition, the continuum
in the example is C∗-smooth (at every point of C(X), not just at X). The example is based on the pseudo-arc [1,17].
Example 6.5. Let X = X1 ∪ X2, where X1 and X2 are pseudo-arcs that intersect only in a single point p. It follows
from Theorem 16 of [2] that X is a chainable continuum; hence, X is C∗-smooth by 15.13 of [19]. Fix n > 1. We
prove that Cn(X) is connected im kleinen only at X; then, by Lemma 2.3, we will know that Cn(X) satisfies the first
four parts of Theorem 6.3 even though X obviously does not satisfy the last part of Theorem 6.3.
Proof. Let A ∈ Cn(X) such that A 	= X. Let C denote the union of the composants of X1 and X2 that A ∪ {p}
intersects. Since X is hereditarily unicoherent [20, 12.2 and 12.11], the intersection of each component of A with
each Xi is a continuum (or is empty). Thus, since A∪ {p} has at most n+ 1 components, we have that
(1) C is the union of at most finitely many ( n+ 1) composants of X1 and X2.
Let ε > 0. We will find B ∈ Cn(X) and a composant κ of X1 or of X2 such that
(2) Hd(A,B) < ε, some component of B is contained in κ and κ ∩C = ∅.
We find B and κ simultaneously by taking two cases:
Case 1: A is connected. Since A 	= X, there is an i0 = 1 or 2 such that A ∩ Xi0 	= ∅ and A 	⊃ Xi0 (e.g., if A ⊃ X1,
then i0 = 2). Note that there are uncountably many composants of Xi0 and that they are mutually disjoint [20, 11.15
and 11.17]. Hence, by (1), there is a composant κ of Xi0 such that κ ∩ C = ∅. Since κ is dense in Xi0 [20, 5.20(a)],
there is a point q ∈ κ such that d(q, a) < ε for some a ∈ A. Let B = A∪{q}. Then B is as required: B ∈ Cn(X) (since
n > 1), Hd(A,B) < ε, {q} is a component of B such that {q} ⊂ κ and, thus, {q} ∩C = ∅.
Case 2: A is not connected. Then there is an i0 = 1 or 2 such that some component L of A is contained in Xi0 −{p}.
Hence, as in case 1, there is a composant κ of Xi0 such that κ ∩C = ∅. Since Xi0 has the property of Kelley [11, 20.6]
and κ is dense in Xi0 [20, 5.20(a)], there is a subcontinuum K of κ such that Hd(L,K) < ε. Let B = (A − L) ∪ K .
Then, as for case 1, B is as required: B ∈ Cn(X), Hd(A,B) < ε, K is a component of B such that K ⊂ κ and,
therefore, K ∩C = ∅.
Now, having obtained B and κ , let A be a subcontinuum of Cn(X) such that A,B ∈ intCn(X)A. We prove the
following:
(3) ⋃A⊃ Xi if κ ⊂ Xi .
Proof of (3). Without loss of generality, we assume that κ ⊂ X1. Let E be a component of B such that E ⊂ κ (E
exists by (2)). Let y ∈ E. Since B ∈ intCn(X)A, there is an η > 0 such that BHd (B,η) ⊂A and Bd(E,η) ⊂ X1. Since
X1 has the property of Kelley (by 20.6 of [11]), there is a Kelley number δ > 0 for (X1, η, y). Note that since p ∈ C,
p /∈ κ by (2).
We prove that Bd(y, δ) ⊂ ⋃A. Let x ∈ Bd(y, δ). Then, since δ is a Kelley number for (X1, η, y), there is a
subcontinuum D of X1 such that x ∈ D and Hd(E,D) < η. Let
M = (B −E)∪D.
Then M ∈ Cn(X) and Hd(B,M) < η; in other words, M ∈ BHd (B,η). Thus, since x ∈ M and BHd (B,η) ⊂ A, we
have that x ∈⋃A. Therefore, we have proved that Bd(y, δ) ⊂⋃A.
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intX1
[(⋃
A
)
∩X1
]
	= ∅.
Also, since
⋃A ∈ Cn(X) (by Lemma 2.2), (⋃A) ∩ X1 has at most n components by the hereditary unicoherence
of X [20, 12.2 and 12.11]. Therefore, by the Baire Theorem [12, p. 414], there is a component Q of (⋃A)∩X1 such
that intX1(Q) 	= ∅. Thus, since X1 is indecomposable, Q = X1 (by [20, 6.19]). Therefore,
⋃A⊃ X1. This proves (3).
Finally, since A ⊂ C, A∩κ = ∅ by (2); thus, since Hd(A,B) < ε and ε was arbitrary, (3) says that every continuum
neighborhood of A in Cn(X) must be large enough to cover one of the continua X1 or X2 that A does not contain.
This clearly implies that Cn(X) is not connected im kleinen at A. 
Remark. In the example just presented, X is also the only point at which 2X is connected im kleinen, as can be seen
using Theorems 1 and 4 of [3]. Thus, since X is decomposable, we have an example to show that the converse of
Theorem 4 of [4] is false (see our discussion at the beginning of the section).
7. When Cn(X) is connected im kleinen only at points of C(X)
A continuum is said to be strictly nonmutually aposyndetic provided that any two of its subcontinua that have
nonempty interiors intersect.
Hagopian [7] has proved that the Cartesian product X × Y of two indecomposable chainable continua is strictly
nonmutually aposyndetic (Theorem 10 of [7], which is stated and proved for the case when X = Y , but the proof is
valid when X 	= Y ). This result is especially interesting when compared with two other facts: Hagopian’s result does
not always hold for two indecomposable circle-like continua [10]; the Cartesian product of any three nondegenerate
continua is mutually aposyndetic (Theorem 2 of [7]).
We prove two theorems concerning connectedness im kleinen at points of Cn(X) when X is strictly nonmutually
aposyndetic and has the property of Kelley weakly (Example 7.4 shows that such continua may not have the property
of Kelley). The theorems show that the points at which Cn(X) is connected im kleinen are restricted in an interesting
way. We illustrate the theorems in Example 7.6.
Theorem 7.1. Let X be a strictly nonmutually aposyndetic continuum that has the property of Kelley weakly, and let
n 1. If Cn(X) is connected im kleinen at A, then A ∈ C(X) and A is a limit of subcontinua of X that contain A and
that have nonempty interiors in X.
Proof. Let A ∈ Cn(X) such that Cn(X) is connected im kleinen at A. Then there is a decreasing sequence {Ak}∞k=1
of subcontinua of Cn(X) such that
A ∈ intCn(X)(Ak) for each k and
∞⋂
k=1
Ak = {A}.
We first prove the following:
(1) For each k, A ⊂ Bk for some component Bk of ⋃Ak such that intX(Bk) 	= ∅.
Proof of (1). Fix k. Let Uk = intCn(X)(Ak). Since A ∈ Uk , Uk 	= ∅. Thus, by part (1) of Lemma 4.1, intX(
⋃Uk) 	= ∅;
also, by Lemma 2.2,
⋃Ak ∈ Cn(X). This proves that ⋃Ak is a nonempty compact subset of X with at most n
components such that intX(
⋃Ak) 	= ∅. Hence, by the Baire Theorem [12, p. 414], there is a component Bk of ⋃Ak
such that intX(Bk) 	= ∅. Furthermore, since X is strictly nonmutually aposyndetic, every component of ⋃Ak other
than Bk is nowhere dense in X. Therefore, by the Baire Theorem again,
(a) intX(
⋃Uk) ⊂ Bk .
To complete the proof of (1), we need to prove that A ⊂ Bk . We prove that each component of A intersects
intX(
⋃Uk); then we show (easily) that A ⊂ Bk .
Let A0 be a component of A. Since A ∈ Uk and Uk is open in Cn(X), there is a positive integer M such that
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In what follows, m denotes any integer M . Since X has the property of Kelley weakly and A0 ∈ C(X), there
exists Tm ∈ C(X) and a point tm ∈ Tm such that
(c) Hd(A0, Tm) < 1m and X has the property of Kelley at tm.
By (c), we have a Kelley number δm for (X, 1m, tm). We prove that
(d) Bd(tm, δm) ⊂ intX(⋃Uk)
as follows: Clearly, we need only to prove that Bd(tm, δm) ⊂⋃Uk . Let z ∈ Bd(tm, δm). Since Tm ∈ C(X) and δm is
a Kelley number for (X, 1
m
, tm), there exists D ∈ C(X) such that z ∈ D and Hd(Tm,D) < 1m . Let
Em = (A−A0)∪ Tm and Q = (A−A0)∪D.
Clearly, Em,Q ∈ Cn(X). Since Hd(A0, Tm) < 1m (by (c)), we see that Hd(A,Em) < 1m ; since Hd(Tm,D) < 1m , we
see that Hd(Em,Q) < 1m . Hence, Hd(A,Q) <
2
m
. Thus, by (b), Q ∈ Uk , which gives us that Q ⊂⋃Uk . Therefore,
since z ∈ D ⊂ Q, we have that z ∈⋃Uk . this proves (d).
Since tm ∈ Tm and Hd(A0, Tm) < 1m (by (c)), there is a point am ∈ A0 such that d(tm, am) < 1m . Since A0 is
compact, we assume without loss of generality that the sequence {am}∞m=M converges to a point a0 ∈ A0. Hence, the
sequence {tm}∞m=M also converges to a0. Thus, by (d), a0 ∈ intX(
⋃ Uk). Therefore, A0 ∩ intX(⋃ Uk) 	= ∅. Hence,
by (a), A0 ∩Bk 	= ∅.
We have now proved that each component of A intersects Bk . Therefore, since A ⊂⋃Ak and Bk is a component
of
⋃Ak , we have that A ⊂ Bk . This completes the proof of (1).
Now, let ε > 0. Recall that Ak ⊃Ak+1 for each k and that ⋂∞k=1Ak = {A}; hence, by [20, 1.7], there is a positive
integer N such that
(2) Ak ⊂ BHd (A, ε) for each k N .
Fix k N . Let Bk be as in (1). By (2),
⋃Ak ⊂⋃BHd (A, ε). Thus, Bk ⊂⋃BHd (A, ε) (even though Bk may not
belong to Ak). Hence, for each x ∈ Bk , there exists Kx ∈ BHd (A, ε) such that x ∈ Kx ; then, there exists ax ∈ A such
that d(x, ax) < ε. This proves that Bk ⊂ Bd(A, ε). Thus, since A ⊂ Bk by (1), we have that Hd(A,Bk) < ε. Hence, it
now follows that
lim
k→∞Bk = A.
Therefore, since Bk ∈ C(X) (by (1)) and since C(X) is compact (by [19, 0.8]), we have that A ∈ C(X).
Finally, by (1), each Bk is a subcontinuum of X containing A such that intX(Bk) 	= ∅. 
We note a corollary from which it follows that when X in Theorem 7.1 actually has the property of Kelley, the
subcontinua in the conclusion of Theorem 7.1 can be chosen so that A is contained in their interiors.
Corollary 7.2. Let X be a strictly nonmutually aposyndetic continuum that has the property of Kelley, and let n 1.
If Cn(X) is connected im kleinen at A and A is a subcontinuum of Cn(X) such that A ∈ intCn(X)(A), then
⋃A is
a subcontinuum of X such that A ⊂ intX(⋃A)
Proof. By Theorem 7.1, A ∈ C(X). Hence, by Lemma 2.2, ⋃A is a subcontinuum of X.
Let U = intCn(X)(A). Since A ∈ U (by assumption), A ⊂
⋃U ; furthermore, by part (2) of Lemma 4.1, ⋃U is open
in X. Therefore, since
⋃U ⊂⋃A, A ⊂ intX(⋃A). 
We now give our second main theorem of the section. The theorem concerns two points at which Cn(X) is con-
nected im kleinen.
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n 1. If Cn(X) is connected im kleinen at A and at B , then A∩B 	= ∅.
Proof. Suppose by way of contradiction that A ∩ B = ∅. Then, since Cn(X) is connected im kleinen at A and at B
and since the union map is continuous [19, 1.48], there are subcontinua A and B of Cn(X) such that A ∈ intCn(X)(A),
B ∈ intCn(X)(B) and (
⋃A)∩ (⋃B) = ∅.
By Theorem 7.1, A,B ∈ C(X). Hence, by Lemma 2.2, ⋃A,⋃B ∈ C(X); also, by part (1) of Lemma 4.1,
intX(
⋃A) 	= ∅ and intX(⋃B) 	= ∅. Therefore, since X is strictly nonmutually aposyndetic, (⋃A) ∩ (⋃B) 	= ∅.
This establishes a contradiction. 
In Theorems 7.1 and 7.3 we assumed the property of Kelley weakly rather than the property of Kelley. We now
show that the seemingly weaker assumption is, indeed, weaker; namely, we give an example of a strictly nonmutually
aposyndetic continuum that has the property of Kelley weakly but does not have the property of Kelley:
Example 7.4. Let P denote the pseudo-arc (or any nondegenerate hereditarily indecomposable continuum), and let
Y denote any continuum that has the property of Kelley weakly but does not have the property of Kelley (e.g., the
harmonic fan with an arc attached as in Example 2.1). Let p ∈ P , and let X be a (metric) compactification of P −{p}
with remainder Y such that every subcontinuum of Y is a limit of subcontinua of P − {p} (X can be obtained geo-
metrically using ideas Hughes used in obtaining a compactification of [0,∞) with a simple triod as remainder [19,
p. 495]; we leave the details to the reader). We see that X is strictly nonmutually aposyndetic since X is indecompos-
able [20, 6.19]. Since P has the property of Kelley [19, 16.27], it follows that X has the property of Kelley at every
point of P − {p}; thus, since C(P − {p}) is dense in C(X) (by the property stated for the compactification), X has
the property of Kelley weakly. However, X does not have the property of Kelley at any point where Y does not have
the property of Kelley, as is easily verified by noting that no proper subcontinuum of X intersects both Y and X − Y .
We proceed towards Example 7.6, whose verifications use Theorems 7.1 and 7.3. First, we note a simpler example
with some, but not all, of the properties of Example 7.6.
Example 7.5. Let X denote the cone over the Cantor set with vertex v. Then, by Theorem 3.1, Cn(X) (any n  1)
is connected im kleinen at A if and only if A ∈ C(X) and v ∈ A. Thus, Cn(X) is connected im kleinen only at
(some)subcontinua of X, including at {v}, and any two such subcontinua intersect.
We now give a more extreme example—a homogeneous continuum X such that for each n 1, Cn(X) is connected
im kleinen at many points but only at subcontinua of X whose diameters are uniformly large and such that any two
such subcontinua intersect. (An example when the continuum X is not homogeneous can be obtained by letting X be
a compactification of the Cartesian product of the Cantor set and [0,1) with an arc as the remainder.)
Example 7.6. Let X = X1 × X2, where X1 and X2 are pseudo-arcs. By Corollary 3.5, Cn(X) is arcwise connected
im kleinen at many subcontinua of X for each n 1. We verify the other properties stated above.
Since the pseudo-arc is homogeneous [1], X is homogeneous; thus, X has the property of Kelley by [19, 16.26].
Also, by Theorem 10 of [7], X is strictly nonmutually aposyndetic. Hence, by Theorem 7.1, Cn(X) is connected im
kleinen only at subcontinua of X. Next, we show that the diameters of such subcontinua are uniformly large. Assume
that Cn(X) is connected im kleinen at A. Then, by Theorem 7.1, there are Ai such that
A = lim
i→∞Ai, Ai ∈ C(X) and intX(Ai) 	= ∅ for each i.
Let π1 and π2 denote the projection maps of X onto X1 and X2, respectively. Then, for each i, π1(Ai) is a subcontin-
uum of X1 with nonempty interior in X1; hence, for each i, π1(Ai) = X1 (by [20, 6.19]). Thus, since A = limi→∞ Ai ,
π1(A) = X1. Similarly, π2(A) = X2. Finally, if Cn(X) is connected im kleinen at A and at B , then A ∩ B 	= ∅ by
Theorem 7.3.
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